Stringent tolerances on mechanical components have created increasingly severe demands on the quality of new mechanical designs. The mathematical models used to analyze the various types of mechanical systems these days need to incorporate an optimization algorithm capable of minimizing the levels of vibrations coming from varied sources. The suggested method is based on the parallel combination of three methods; the Rayleigh-Ritz approach (to determine the first eigenfrequencies) which is incorporated into an efficient multicriterion optimization process based on the ESO (Evolutionary Structural Optimization) method and the finite element software ABAQUS. The analytical resolution and the numerical calculations of the mechanical component are, finally, validated by an experimental set-up which exploits a frequency analyser, acceleration sensors and an excitation hammer. The effectiveness of this approach is also demonstrated in the analysis of an upper car suspension arm. By gradually removing material from the initial car suspension design, the frequency of the component can be controlled in order to optimize the structural constraints.
INTRODUCTION
The vibration of mechanical systems has been a major concern for scientists and engineers for several centuries. During this time, almost all new mechanical design required some kind of vibration study. In particular, the vibration of vehicles caused by the irregularities of the road is a current field which interests several researchers [1] [2] [3] [4] . The study of aluminum is used, in order to qualify their reliability and their mechanical resistance [5] [6] [7] . In this paper, the optimization of suspension parts of an automobile is investigated in order to detect and correct vibrational phenomena such as resonance [8] [9] [10] [11] . Moreover, after review of several papers, vibrations are characterized by several frequency bands in the field of suspension design for vehicles [12] [13] [14] [15] . The vibrations of very low frequency (0 to 2 Hz) appear during air and terrestrial displacement. On the other hand, low frequency vibrations (2 to 20 Hz) appear especially in the terrestrial vehicles and high frequency vibrations (20 to 100 Hz) appear in vibrating or rotary machines (pneumatic tools, sanding machines, etc).
The objective of this paper consists of optimizing the mechanical properties of automobile suspension components by reducing its weight and attempting to eliminate vibration phenomena such as resonance. A structural design methodology has been outlined by combining the following four critical steps in the design process: (1) calculation of the first frequencies of the component to be optimized by implementing an analytical model based on Rayleigh-Ritz method (in a MATLAB software); (2) performing numerical simulations and finite element analysis with the software ABAQUS; (3) conceive a simple experimental validation procedure and (4) implement an efficient multicriterion optimization process for stiffness and frequency using the Evolutionary Structural Optimization (ESO) method.
Structural optimization has been a topic of interest for over 100 years. The history of shape and topology optimization of discrete structural systems can be categorized into three periods. First, the initial period during which Maxwell [16] and Mitchell [17] made their pioneering studies. Although the study of Mitchell was important in view of theoretical background, the techniques developed, at that time, applied only to limited types of discrete structures. Following these initial works, the structural topology optimization fell relatively dormant for many decades.
The second period occurred during the 1960's and 1970's where the interest in structural optimization was re-kindled with the advent of new computing technologies. During this period, some theoretical results for general optimization methods were presented, and considerable analytical work was done on component optimization. Meanwhile, some methods for discrete shape optimization were exercised on very small validation problems due to computing restrictions. Schmit and Farshi [18] were among the first to offer a comprehensive statement of the use of programming techniques to solve the non-linear problem of designing elastic structures under a multiplicity of loading conditions. They recognized that this form of defining design problems was needed to find the minimum weight of structures where finite element (FE) analysis was exploited to calculate the needed responses. Then, Oda [19] is probably the first published study that may be considered a fully algorithmic approach. The study treated two-dimensional cases and the optimum shape was obtained after several iterations on pre-selected FE. Oda and Yamazoki [20, 21] published subsequent applications to axis symmetric solids and problems including body forces. Umetani and Hirai [22] proposed an algorithm called the ''growing-reforming procedure'' for the shape synthesis of structural beams under multiple loads. The decade of the 1970's witnessed extensive research in structural optimization, but very few practical applications.
The third period, during the last 30 years, has been characterized by an extremely dramatic growth in the development of high-speed computers. While theoretical work on structural topology optimization has continued, numerical techniques have been further refined and applied to more realistic structures. During this period, novel continuum structural topology optimization methods were also introduced and studied quite extensively. Rodriguez and Seireg [23] developed an algorithmic FE approach where a component was moulded to its optimal shape following the philosophy of maximum utilization of the material.
Despite the significant effort directed towards structural optimization over the past three decades, most techniques developed so far are restricted to shape optimization with fixed topology. The search for a general method capable of performing shape and topology optimization has been a great challenge. An important development in this field was proposed by Bendsoe [24] [25] [26] who introduced the homogenization method, where the structure was represented by a model with micro voids and the objective consisted in seeking the optimal porosity of the porous medium using an optimality criterion [27] . Essentially, this method [28] [29] [30] [31] has proven to be successful in generating optimum topologies for continuum structures by treating element densities as design variables.
Allaire [32, 33] also proposed a numerical method of shape optimization based on the level set method and shape differentiation. Initially, the level set method made possible only topology changes since it could not solve the inherent problem of ill-posedness of shape optimization which manifests itself in the frequent existence of local minima. The reason was that the level set method could easily remove holes but could not create new holes in the middle of the structure. However, this problem has been resolved recently [34] [35] [36] which makes the resulting optimal design largely independent of the initial guess.
Mattheck and Burkhardt [37] introduced an optimization approach based on biological growth. This method utilizes the growth of the finite elements to reduce localized high stresses. Many more optimization methods exist based, for example, on the genetic algorithm [38] , topometry [39] and penalty functions [40] .
One optimization method, however, that is currently receiving some interest because of its simplicity and effectiveness is the evolutionary structural optimisation (ESO) method [41] [42] [43] [44] . The simple concept behind ESO consists in progressively removing inefficient material from a structure such that the residual shape of the structure evolves towards an optimum. This approach inspired other researchers such as Akin [45] and Kim [46] to publish enhanced ESO procedures. Recently, Huang, Zuo and Xie [47] proposed a new bi-directional evolutionary structural optimization (BESO) method combine with optimality criteria for topology frequency optimization problems. In all of these iterative methods, a FE analysis is carried out while the stress distribution throughout the structure is found. Then, the material not effectively used can be eliminated from the structure using some specific criterion. Another software based on finite elements for structural analysis is OptiStruct from Altair [48] . OptiStruct's topology, topography, shape and size optimization capabilities can be used to design and optimize structures to reduce weight and tune performance of mechanical systems.
DYNAMIC MODEL
The initial step in the structural design of mechanical components is to establish the frequency characteristics of the system to be studied. Key characteristics include the resonant frequencies of the structure and the vibratory displacements of the system. These characteristics will typically be determined through a combination of experimental testing, analytical calculations and FEA. Additional concerns include the environmental conditions under which the structure must operate. Geometric constraints, which may limit the location or size of the mechanical component, must also be considered. The analytical model was developed using the Rayleigh-Ritz method [49] for the free embedded aluminum plate of Fig. 1 to determine the first eigenfrequencies of this continuous system. The Rayleigh-Ritz method can be considered an extension of Rayleigh's method [50] . It is based on the premise that a closer approximation to the exact natural modes can be obtained by superposing a number of assumed functions than by using a single assumed function, as in Rayleigh's method. The Rayleigh-Ritz method is an energy method that can be used to approximate natural frequencies, mode shapes, and forced responses of continuous systems. Let w 1 ,w 2 ,:::,w n be a set of n linearly independent functions satisfying at least the system's geometric boundary conditions.
For free vibrations problems an approximation to the mode shape is of the form
where we will need to determine the coefficient a 1,ÁÁÁ, a n and w i represents n linearly independent functions which satisfy all the boundary conditions. In the Rayleigh-Ritz method, the dynamic behaviour of the structure is represented by the following general eigenvalue equations:
Equation (2) is the well-known Galerkin equation which will be exploited in our structural optimization algorithm for the removal of inefficient material. Hence, the eigenvalue problem for a structure is viewed as a discrete system of n degrees of freedom: 
where K ½ and M ½ are the stiffness and mass matrices of order n|n, respectively. The nth natural frequency is represented by v n and a n f g is the eigenvector corresponding to v n . The problem then consists in choosing a generating function Y x ð Þ judiciously as was defined previously in Eq. (1). Finally, for a complete solution, the determinant of the coefficient matrix of the system of equations represented by Eq. (3) is set to zero, resulting in an nth-order polynomial to solve for v 2 , which represents the natural frequencies. The solution of this eigenvalue problem generally gives n natural frequencies v 2 i , i~1,2,:::,n and n eigenvectors, each containing a set of numbers for a 1 ,a 2 ,:::,a n . The i th eigenvector corresponding to
MODELING, SIMULATION AND EXPERIMENTAL VALIDATION
A trapezoidal uniform aluminum section was first analyzed to verify the thickness effect of this material on the frequency response. The aluminum alloy 6061-T6-T651 had the following properties: ultimate tensile strength of 310 MPa; tensile yield strength of 276 MPa; 12 % lengthening on 5 cm specimen of 1.6 mm of thickness; shear strength of 207 MPa; Young's modulus of elasticity of 68.9 GPa; Poisson's ratio of 0.33 and density of 2700 kg/m3. The first three frequencies of the aluminum plate were calculated analytically by the Rayleigh-Ritz method with the software MATLAB. A digital simulation with ABAQUS was also performed on this trapezoidal aluminum plate. Finally, we also had a basic experimental set-up for validation purposes. The loop connection for the three instruments is depicted in Fig. 2 .
The experimental set-up was comprised of (1) a frequency analyser EDX-2000A-32, (2) BRUEL & KJAER acceleration sensors and (3) a DYTRAN impulse excitation hammer. The results for the first three modes are confined in table 1. We note that the approximate analytical method is only valid for the first mode. Actually, the second and third modes of this trapezoidal plate are of little interest since the operating frequencies of vehicles oscillate normally between 0 and 20 Hz. The large discrepancy between the analytical method and the other two methods, for modes 2 and 3, are largely attributed to the selection of the function w i to get a closer approximation for the first mode. 
BASIC OPTIMIZATION PROCESS
It has been known for years that a reliable sign of potential structural failure is excessive stress. Ideally, the stress in every part of a structure should be as uniform as possible throughout the component. This leads to a rejection criterion concept, based on a local stress level, where low stressed material is assumed to be inefficient and will be identified for removal. By gradually removing material with lower stress, the stress level in the new optimized design become more and more uniform. The optimizing procedure is simple. The design domain is divided into a fine mesh of finite elements which should be large enough to cover the area of the optimum design. The von Mises stress has been one of the most frequently used criteria for isotropic materials which provides an average measure of the entire stress. For plane stress problems, the well-known von Mises stress can be calculated as
where s x and s y are normal stresses in x and y directions, respectively, and t xy is the shear stress. At the end of each finite element analysis, a rejection condition must be applied:
where RR i represents the current rejection ratio. The stress level of each element is determined by comparing the von Mises stress of each element s VM el to the maximum von Mises stress of the entire structure s VM max . All elements which satisfy Eq. (5) are extracted from the structure. The cycle of finite element analysis and element removal is repeated using the same value of RR i until a steady state is reached, which means that no more elements is being deleted at this iteration. At this stage, an evolutionary rate (ER) can be added to the rejection ratio:
Once this increased rejection ratio is calculated, the cycle of finite element analysis and element removal takes place again until a new steady state is reached.
SENSITIVITY NUMBERS FOR ELEMENT REMOVAL
The ESO procedure for the multicriteria optimization is entirely based on the evaluation of sensitivity numbers for the stiffness and the frequency constraints. This is done exploiting a standard weighting approach where two criteria will be optimized simultaneously, namely, the maximization of the first mode of natural frequency and the minimization of the mean compliance of a structure (which is inversely proportional to stiffness). In other methods, to identify the best solution for structural modifications, derivatives are often needed and, usually, a sensitivity analysis for dynamic problems is complicated. However, it can be shown [44] that the ESO method exploits a very simple sensitivity number to measure the effect of removing an element on the structure.
Stiffness, along with frequency, is an important factor that needs to be taken into account in the design of structures. It is well-known that in the finite element method, the static behavior of a structure is given by
where [K] is the global stiffness matrix and {d} and {P} are the global nodal displacement and nodal load vectors, respectively. The inverse measure of the overall stiffness of a structure is known as the mean compliance C and is defined as
Minimizing the mean compliance maximizes the overall stiffness of a structure and the stiffness constraint can be respected from CƒC all where C all is the prescribed limit for C [44] . From this comes the stiffness sensitivity number for problems with an overall stiffness constraint [44] :
where a i È É is the displacement vector of the ith element and K i Â Ã is the stiffness matrix of the ith element. The quantity a i indicates the change in the strain energy as a result of removing the ith element. To achieve the optimization objective through element removal, the element that has the lowest value of a i is removed so that the increase in C is minimal.
Another important criterion is the optimization of the first mode of the natural frequency since the response of a mechanical component to dynamic loading depends mostly on the first few natural frequencies. It is well known that when the frequency of the dynamic loading is close to one of the natural frequencies, excessive vibration occurs. To avoid these vibrations, it is often necessary to shift the fundamental first frequency away from the frequency range of the dynamic load.
The ESO method exploits the concept of a frequency sensitivity number to select and remove the most inefficiently used material. This frequency sensitivity number controls the material removal process by defining which element has the minimum contribution to the objective function of the optimization problem. It has been shown in the preceeding section that the dynamic behavior of the structure is represented by the general eigenvalue problem of Eq. (3). To decide which element should be removed from the structure so that the frequency will be shifted toward a desired value, it can be shown [44] that the frequency sensitivity number can be derived from Eq. (3) as , namely, the summation of the sensitivity numbers over all the elements is equal to zero. A maximum increase in the chosen frequency occurs as a result of removing elements whose frequency sensitivity number is the highest and vice-versa. Removal of those elements whose a i n is close to zero results in little change [43] . At this point, a linear scaling is required on the frequency sensitivity number since the basis on which they are optimized is different. This scaling must be done to alleviate the problem of combining both sensitivity numbers (with the element removal based on the lowest and highest sensitivity values). The frequency sensitivity number linear shift is obtained using the following relationship:
where a is the ratio of the jth criteria sensitivity number a i j for each element i to the maximum value to the jth criteria sensitivity number a max j , and N is the total number of criteria, in our case N52. By gradually removing the low stressed fractions, the stress distribution in the component becomes increasingly uniform. The procedure for weighted multicriterion optimization based on ESO for stiffness and natural frequency has been implemented into a methodical five step algorithm:
(1) Discretize the structure using a fine mesh of finite elements; (2) Add load to structure, then, solve the static problem in Eq. (8) and generate the linear static sensitivity number a i in Eq. (9); (3) Remove load from structure, calculate the natural frequency sensitivity number a i n using the eigenvalue problem in Eq. (10) and obtain the new natural frequency sensitivity number a i n È É new using the linear scaling of Eq. (11); (4) Combine all the criterion sensitivity numbers using Eq. (12) to obtain the multiple criteria objective function P;
(5) Remove elements that have the lowest values of P using the following rejection ratio:
where P max ð Þis the maximum P that exists in the structure. Equation (13) can be viewed as an iterative counter used to dampen or delay the element removal process. If the number of elements that satisfy this constraint reach zero, without achieving the optimization objective function, then the value of RR is increased to allow the material removing process to proceed. Repeat steps 2 through 5 until an optimum is reached.
Great care must be applied when increasing the rejection ratio RR. To obtain the value of the sensitivity number from the information of the previous eigenvalue solution, one must assume that the eigenvector is approximately the same before and after the removal of that element. The assumption that the mode shape does not change significantly in between iteration cycles has been commonly used. Hence, in light of this assumption, one must limit the evolutionary rate ER at very low increasing steps (typically 0.001).
This algorithm was exploited for the aluminum plate of the previous section with a vertical load of 1200N applied on the x axis at the end of the plate and the weight factors (w f~0 :9 for the frequency and w s~0 :1 for the stiffness). The first three vibration modes of the optimized structure are tabulated in Table 2 and shown in Fig. 3 . Table 2 shows the difference between the first three frequencies and the total mass of the aluminum plate from its initial state to the optimized state by maximizing the first frequency for a 17 % mass reduction. We noted that the first frequency increases by almost 6 % while the material was deleted from each side of the plate, and also removed from two rectangular holes located on the center line of the plate as shown in Fig. 3 .
EXAMPLE: RECTANGULAR ALUMINUM PLATE
To understand the basic principle underlying this method, let us examine a simple twodimensional structural optimization problem. Consider an elementary rectangular aluminum plate (1506100 mm) attached with fixed support at two diagonal corners subjected to two single horizontal loads of 100 N as depicted in Fig. 4 . These are included for the linear static stress analysis, but are removed for the frequency analysis. Four-noded linear quadrilateral elements are used in this example. The two driving criteria are the minimization of the mean compliance and the maximization of the first mode of natural frequency.
This example is based on a rectangular plate model that was used by Xie and Steven in their study of ESO for dynamic problems [43] . The physical data for this example are identical to the aluminum plate analyzed earlier. The design domain in Fig. 4 is divided into 45630 four node plane stress elements of equal size. The thickness of the rectangular plate is 10 mm. When the material removed is fixed at 30 %, Fig. 5 shows the optimal designs for different weighting criteria of stiffness and natural frequency of the ESO iterations where 5(a) w s~1 :0, w f~0 :0; 5(b) w s~0 :9, w f~0 :1; 5(c) w s~0 :7, w f~0 :3; 5(d) w s~0 :5, w f~0 :5; 5(e) w s~0 :3, w f~0 :7; 5(f) w s~0 :2, w f~0 :8. In these evolutionary figures the dark areas represent the remaining elements and the small dots represent the nodes of the initial finite element model. Figure 5 (a) shows the case where the structure has been designed completely for stiffness; hence, the compliance is at its lowest possible value and, for a 30 % material removal from the initial structure, the natural frequency of 2666.6 Hz for this topology is at its lowest. When the weighting criteria are modified, for example, when the frequency weighting is increased and the stiffness is decreased, an increase in the natural frequency and compliance can be noted which means that the overall stiffness of the structure decreases.
AUTOMOBILE SUSPENSION ARM COMPONENT
Automotive industry requirements for quality, productivity and cost efficiency are at a level where optimization of the design and manufacturing of a product must occur in the earliest stages of conception. Car suspension systems present a special case because of their geometry and the robust constraints placed on their design by the underbody of the car. Suspension systems are submitted to many dynamic input loads. The induced vibrations are spread along the axles and the forces are transmitted to the car body through the suspension. As these input loads induce some structural vibration, it is necessary to define the best decoupling elements that allow a reduction of the amplitude to meet acceptable target frequency values. Hence, the optimum design of structures with stiffness and frequency constraints is of great importance, particularly in the automotive and aeronautical industries.
Ideally, the stress in every part of a loaded structure should be uniform and, in our case, we want to maintain the first frequency v 1 as constant as possible. As defined previously, this concept leads to a geometrical modification criterion in which low stressed fractions of a component are removed as they add mass to the structure without significant contribution to its stiffness. When material is removed from a structure, the frequencies of the structure will almost inevitably be changed to some extent. In this case, an attempt is made to make as little change as possible for the first frequency while the actual weight of the structure is being reduced. The solution procedure is the same as that of the preceding section except that, in this case, we must define a new sensitivity number,
where the elements having the smallest absolute values a i n will be removed. The objective function consists in minimizing the structural mass by removing material, element by element, by imposing the weighting criteria w f~0 :9, w s~0 :1 for a 1 %, 2 % and 3 % material removal. As mentioned earlier, to avoid severe vibration, it is often necessary to shift the first frequency of a structure away from the frequency range of the dynamic loading. Hence, the optimization process developed for the simple aluminum trapezoidal plate and the rectangular plate will be applied to a higher aluminum suspension arm for an automobile as shown in Fig. 6 . The dynamic head of the upper arm suspension is schematized in Fig. 7 . The value of the vertical load is 3500 N and no rotation is considered on the higher knee caps (ring) around the three axes since the algorithm is optimizing the upper component for the worst case scenario.
The optimization process developed in section 5 was applied to the suspension arm of Fig. 7 . With the multicriterion ESO method, the frequency of a structure can be maintained or shifted towards a desired value by gradually removing material from the structure. At each iteration, the eigenvalue problem of equation (3) is exploited and then a number of elements are removed from the structure according to their sensitivity numbers a i n . The design domain was divided into 3-dimensional elements for the finite element analysis. Using the procedure outlined in the previous section after 600 iterations, the first frequency is maintained as close as possible to its initial value (within 3 %). As a result the evolutionary history of the first frequency is obtained and the corresponding new design of the upper suspension arm is given in Fig. 8 .
The material was removed in three different stages. The first stage at a rejection ratio RR510 %, the upper left finite element (FE) analysis of Fig. 8(a) represents the first stage of material removal at 1 %. The second stage is shown in the upper right FE analysis of Fig. 8(b) with RR515 % for a 2 % material removal. Finally, the last FE analysis is shown in the bottom of Fig. 8(c) with a RR520 % where 3 % of the material was removed. Note that, if the rejection ratio is not restricted to a maximum value of material removed, the removal procedure can continue until the component collapses.
At this stage, 3 % of the total material has been eliminated and the first frequency has been decreased from 361 to 352 Hz with a rejection ratio of 20 %. In this analysis, only the first frequency has been considered for optimization with a weighting factor of w f~0 :9. Note that there is no control over what is happening to other frequencies during the optimization process. The first frequency has been decreasing monotonically and the second and third frequencies have dropped more rapidly. Sometimes, such behaviour is undesirable, and this procedure could be extended to include multiple frequency constraints.
CONCLUSION
In this paper, we have demonstrated that a multiple criterion optimization algorithm based on a weighting method can be introduced into the ESO method which can solve a wide range of stiffness and frequency optimization problems. The location for element removal is determined by weighted sensitivity numbers for each element. The sensitivity number for stiffness and natural frequency can be easily calculated from finite element analysis. By gradually removing material from the initial design, the frequency of a structure can be optimized (increased, reduced or kept constant) while the stiffness of the structure is simultaneously controlled.
The aluminum alloy used to manufacture automobile parts allows a reduction of the car mass. The results of the digital simulation for the aluminum trapezoidal plate show a small increase in the frequencies while an 18 % total mass reduction was achieved, whereas the digital simulation results for the upper suspension arm show a small reduction in the natural frequency with a 3 % total mass reduction.
A multicriterion structural optimization design methodology has been developed which eliminates most of the costly trial-and-error testing currently required. Automobile suspensions are highly nonlinear components whose frequency energy depends on a large number of parameters whose effects may be confounded. This methodology includes design guidelines to aid in the selection of proper material extraction. It is anticipated that these guidelines will be refined, and possibly additional guidelines added, as additional structural analyses and experimental testing is performed. The design methodology was used to optimize the design of an automobile upper suspension component for a sample application consisting of an aluminum structure. Ongoing research is in progress to optimize the thickness of elements by shifting material from one element to another in order to achieve a generalized shape optimization. With the advance in composite and smart materials, new components in automotive and aeronautical industries have received ever increasing attention from engineers who no longer needs to restrict themselves to traditional designs.
